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An amended proof of Pitaevskii-Stringari’s theorem is given in mathematically coher-
ent manner without resorting to the Bogoliubov approximation. This approach is based
on the orthodox quantum field theory which rigorously maintains the canonical commu-
tation relations. Moreover, we make a sound argument by taking the thermodynamic
limit which the authors of the original papers did not refer to. We conclude that there is
no Bose Einstein Condensation (BEC) as a phase transition based on the Spontaneous
Symmetry Breaking (SSB) of the global U(1) gauge symmetry in flat one dimensional
geometry even absolute zero temperature.
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1. Introduction
In three dimensional systems, the Bose-Einstein Condensation (BEC) can be achieved by the
bunching property which is intrinsic to bosons even if inter particle interaction is absent. In
fact, Einstein’s prediction of the BEC originated from Bose’s studies of photons which do not
interact each other. Einstein applied the Bose-Einstein distribution function to ideal bosons
with definite particle number N to find rather pathological phenomenon in extremely low
temperature region, the onset of the BEC[1–3]. This point of view characterizes the BEC as
the phase transition without interactions. If we can ignore inter-particle interaction, we can
readily preclude the phase transitions in lower dimensional systems under finite temperature.
This can be proved by showing the divergence of the integral that sums up the particle
numbers. The divergence is the result of the fact that the density of state is a constant in
the two dimensional system or proportional to the inverse square of the energy in the one
dimensional system. The difficulty of this proof is that this method cannot be applied any
more if we take realistic inter-particle interactions into consideration, because the energy
spectra are hardly obtained for such systems.
Concerning the inter-particle interaction, there is another standpoint in which the BEC is
regarded as a consequence of the spontaneous symmetry breaking (SSB) of the global U(1)
gauge symmetry induced by short range interactions among constituent bosons. In this
picture, the existence of interaction is essential to the BEC, but in flat systems which have
two spatial dimensions or less, it is generally known that the SSB of continuous symmetries
are forbidden by the Mermin-Wagner’s theorem[4]. Qualitatively, it is often considered that
strong fluctuation specific to the lower spatial dimensional system prevents the system from
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forming the off-diagonal long range order (ODLRO). This theorem can be applied for various
physical systems such as magnetic systems. If one uses the theorem for the bosonic particle
systems, it states that there exists no BEC at a finite temperature in a flat lower dimensional
system[5].
Furthermore, a stronger statement holds for a one dimensional flat Bose system with short
range repulsive interactions, that is, the BEC phase transition never occurs even at absolute
zero temperature. In other words, the BEC as a pure quantum phase transition without
thermal effects is precluded. This was proved by Pitaevskii and Stringari in 1991[6, 7].
We shall point out that some serious problems are left in their original proofs in the next
section of this paper. The purpose of this paper is to amend these proofs and make them
satisfactory on the standpoint of the SSB of global U(1) gauge symmetry. To this end, we
shall utilize the quantum field theory and begin the field operator expansion with c-number
order parameter representing the condensate. In our argument, the particle picture and
corresponding vacuum are appropriately clarified and the Bogoliubov approximation which
destroys the canonical commutation relations is completely expelled. We shall stick to the
generic canonical formalism and maintain the canonical commutation relations throughout
our proof. To discuss the phase transition phenomena properly, finiteness of the total particle
number is not assumed in our argument. We shall also take the thermodynamic limit and
lead the theory to a crucial contradiction that denies the existence of condensate.
This paper is organized as follows. In the next section, we shall point out the problems
concerning the proof of the Pitaevskii-Stringari’s theorem in detail. In section 3, we develop
the mathematical formulae to prove the theorem. In section 4, we show our amended proof
using two lemmas, whose proofs are given in the appendices. The final section is devoted to
summary and discussions.
2. Some Problems in Original Proofs
The proof of the Mermin-Wagner’s theorem is accomplished by using the Bogoliubov’s
inequality and the f-sum rule for the number density np of atoms with momentum p =
|p| > 0,
np ≥ MkBT
p2
|〈aˆ0〉|2
N
− 1
2
, (1)
where p stands for the absolute value of the momentum vector |p|, M is the mass of an
atom and N is the total number of atoms. The Boltzmann constant is denoted by kB and
we assume |〈aˆ0〉|2 gives the number density of condensate atoms. If we calculate the number
of non-condensate atoms with momentum |p| > 0 by integrating the both sides of eq.(1)
at a finite temperature, one encounters the infrared divergence for one or two dimensional
cases unless |〈aˆ0〉|2 vanishes. By deriving this contradiction, the absence of the BEC in the
lower dimensional flat systems was shown in ref.[5]. We should note this argument fails
if the temperature T is absolute zero and this theorem says nothing about such cases. In
fact, the ODLRO and the BEC do exist for two dimensional flat systems even at absolute
zero temperature and quasi ODLRO and quasi condensate persist up to the Berezinskii-
Kosterlitz-Thouless transition temperature[8–11].
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To extend above result to under the absolute zero temperature, Pitaevskii and Stringari
showed the inequality:
np ≥ Mc
2
|〈aˆ0〉|2
pN
− 1
2
, (2)
where the temperature parameter T disappears and the speed of the sound c appears instead.
By performing a similar integration mentioned before, one again gets infinite number of non
condensate atoms unless |〈aˆ0〉|2 vanishes. At a first glance, Pitaevskii and Stringari seem to
have done it well.
We should note that the finiteness of N is assumed in both Mermin-Wagner’s and
Pitaevskii-Stringari’s arguments. It seems rather trivial that we cannot break the U(1) gauge
symmetry with finite N . Moreover, if we take low energy limit p→ 0, we need an infinite
extent of the system and this makes N infinite as long as we consider the flat geometry to
keep the particle number density finite, namely, we should take the thermodynamic limit.
Another crucial problem is that the relationships between the field operators and particle
pictures are vague. Pitaevskii and Stringari used the relation
[aˆq, ρˆp] = aˆ0, (3)
where ρˆp is defined as ρˆp =
∑
k aˆ
†
p+kaˆk. This fact clearly shows they assume aˆ0 to be an
operator, not a mere c-number. In such a discussion, definition of field operators should be
clarified because it depends on the particle picture.
If one assumes the existence of the BEC, it is natural to introduce a c-number order
parameter v0 and include it in the expansion of the field operator as
ψˆ(x) = v0 +
∑
p
aˆpφp(x). (4)
Since the density operator ρk is defined as
ρˆk =
∫
ψˆ†(x)ψˆ(x)e−ikxdx, (5)
we expect ρˆk to have a linear term regarding to the extinction operator and its conjugate.
On the other hand, eq.(3) clearly shows that Pitaevskii and Stringari start the field operator
expansion assuming the non existence of the condensate. According to refs.[6, 7], a rela-
tion 〈aˆ0〉 =
√
N0 is assumed, where N0 is the condensate number, while aˆ0 is regarded as
an operator. This assumption called the Bogoliubov approximation destroys the canonical
commutation relations, which are essential to sound quantum field theories. If the vacua
is annihilated by usual annihilation operators aˆp, we should never expect 〈aˆ0〉 =
√
N0 and
〈aˆ0〉 = 0 is nothing more than a trivial fact.
3. Mathematical Preliminary
Hereafter in this paper, we shall consider a picture where N bosons with massM confined on
an infinitely long one dimensional line. We limit their interaction to the bi-particle collisions
through the delta function potential with a coupling constant g > 0. Namely, we shall use a
Hamiltonian
Hˆ =
∫ ∞
−∞
(
1
2M
∂ψˆ†(x)
∂x
∂ψˆ(x)
∂x
+
g
2
ψˆ†(x)ψˆ†(x)ψˆ(x)ψˆ(x)
)
dx. (6)
We have set the Planck constant ~ and the Boltzmann constant kB to be unity.
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Our goal is to exclude the BEC at absolute zero temperature. We shall keep the particle
number N finite at first and take the thermodynamic limit later. To confine these particles,
we introduce a very large characteristic scale of the system Lc. The external potential to
apply is assumed to make the particle number density ρ(x) as
ρ(x) =
N
Lc
e−
2
Lc
|x|. (7)
The definiteness of the particle number is easily confirmed as
N =
∫ ∞
−∞
ρ(x)dx. (8)
The quantity ǫ = 2/Lc is a regulation parameter and often used to deal with infinite systems.
The N particles are confined in the characteristic scale of the system Lc. Owing to the
largeness of Lc, the gradient of ρ(x) is negligible everywhere. Therefore, we can redefine
almost uniform particle density as ρ = N/Lc. The condensate density is also defined as
ρc = Nc/Lc, where Nc is the number of the condensed atoms.
The wave function of the N particles is spread over an infinite interval. Since our system
is almost flat and has the translational invariance, momentum p must be a conserved good
quantum number. We can also take the long wavelength limit p→ 0 and discuss the long
range order.
Hereafter, we omit these details from our expression of formulas. We should note that
there may exist the regulation parameter ǫ implicitly even when we refrain from denoting
it explicitly. For example, every plane wave expressed by an exponential function is always
accompanied with a factor including ǫ such as√
N
Lc
eipx−
ǫ
2
|x|. (9)
Because we confine the wave packet of theN particles within an interval with characteristic
width Lc, the uncertainty principle gives the value of p a certain extent of ambiguity, which
is an order of 1/Lc. Concerning to the quasi plane wave (9), we denote the wave function
in the momentum space by δpq. This is a function with height
√
Lc and width 1/Lc around
the value of p in the rough. We shall denote the dimensionless function δpq as
δpq =
δpq√
Lc
, (10)
for later convenience.
To confine these particles, the periodic boundary condition (PBC) with finite period L is
often exploited, but introducing the PBC restricts the possible values of p to be discrete ones
and p must be an integer multiple of 2π/L. Since we will take the low energy limit p→ 0
in the process of the proof later, p should be continuous-valued. In other words, we need to
confine N particles in an infinite extent.
If we stick to the “flat” geometry in rigorous meaning, this requirement will readily lead to
a contradiction where the uniform particle number density ρ ≡ N/L vanishes in the limit of
long system size L→∞. We can argue neither the existence nor absence of the condensate
under such a circumstance. The way left for us is to apply an weak external potential to
confine N particles within the finite area. We should chose sufficiently gentle V (x) so that
the infinite geometry is maintained at least approximately.
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Since we shall take the quantum field theoretical approach throughout this paper to
describe the physics, it is very important to clarify the vacuum on which the theory is
constructed. As we have addressed before, we shall firstly assume the existence of the con-
densate at absolute zero and then lead to a contradiction in the following argument. The
existence of the condensates means the existence of a non zero order parameter. In the
BEC system, this order parameter is identified to be the macroscopic wave function and
considered to be expressed as the vacuum expectation value of the field operator ψˆ(x). This
macroscopic wave function is a solution of the Gross-Pitaevskii equation, which is the mean-
field approximated equation of the Heisenberg equation of motion for the field operator.
Since the vacuum expectation value depends on the choice of the vacuum, we should choose
our vacuum so that this c-number order parameter appears naturally when we take the
vacuum expectation value. If we take the vacuum for bare particles and expand the field
operator, we get
ψˆ(x) =
1√
Lc
∞∑
p=−∞
aˆpe
ipx. (11)
The annihilation operator which appears in eq.(11) eliminates corresponding vacuum for
bare particles as
aˆp|0〉 = 0. (12)
The field operators should obey usual simultaneous canonical commutation relations as
[ψˆ(x), ψˆ(x′)] = 0, [ψˆ(x), ψˆ†(x′)] = δ(x− x′). (13)
These canonical commutation relations are equivalent to ones for creation and annihilation
operators;
[aˆp, aˆq] = 0, [aˆp, aˆ
†
q] = δpq, (14)
where p and q can take arbitrary value. This vacuum describes only the normal phase where
there exist no condensate atoms since the vacuum expectation value of the field operator is
clearly zero,
〈0|ψˆ(x)|0〉 = 0. (15)
Therefore, this vacuum for bare particles is not what we are looking for. Generally, we need
to begin expansion of the field operator with a c-number to extract a finite order parameter.
Among such prescriptions is so-called the Bogoliubov approximation which replaces the
zeroth creation-annihilation operator with a c-number, the square root of the number of the
condensate atoms Nc,
aˆ0 =
√
Nc. (16)
With this replacement, the field operator expansion becomes as
ψˆBog(x) =
√
Nc
Lc
+
1√
Lc
∑
p 6=0
aˆpe
ipx. (17)
This “approximated” field operator gives a non zero order parameter
〈0|ψˆBog(x)|0〉 =
√
Nc
Lc
, (18)
which is coincident with the square root of the condensate particle density. Since the normal-
ization of the macroscopic wave function is determined so that its square gives the condensate
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particle density, this is consistent with general interpretation of the mean field theory. There-
fore, the Bogoliubov approximation is widely regarded as useful and has long been used in
many literatures.
It has serious theoretical drawback, however, it destroys the canonical commutation
relation as
[ψˆ(x), ψˆ†(x′)] = δ(x − x′)− 1
Lc
, (19)
and cannot be regarded as an orthodox field theory. The violation of the canonical com-
mutation relation is fatal to mathematically consistent canonical formalism. In this paper,
we shall stick to the canonical formalism and respect the canonical commutation relations.
Hence, we do not resort to the Bogoliubov approximation throughout this paper.
In stead of the Bogoliubov approximation, we take the coherent state of aˆ0 as
|0(θ)〉 ≡ exp(−1
2
Nc)exp(
√
Ncaˆ
†
0)|0〉, (20)
which is the very vacuum we present in this paper. The action of the bare creation-
annihilation operators on this vacuum is calculated as
aˆp|0(θ)〉 = δp0
√
Nc|0(θ)〉. (21)
We introduce the creation-annihilation operators for this vacuum as
aˆθ,p ≡ aˆp − δp0
√
Nc. (22)
The followings are easily confirmed:
aˆθ,p|0(θ)〉 = 0, aˆθ,p|0〉 = −δp0
√
Nc|0〉. (23)
Using this setup, our field operator expansion is written as
ψˆ(x) =
√
Nc
Lc
+ φˆ(x), (24)
where
φˆ(x) ≡ 1√
Lc
∞∑
p=−∞
aˆθ,pe
ipx. (25)
Taking the field expectation value with our new vacuum leads to a non zero order parameter
that is also consistent with the mean field theory,
〈0(θ)|ψˆ(x)|0(θ)〉 =
√
Nc
Lc
. (26)
This is our desired expression where the condensate atoms do exist. We can easily corroborate
the canonical commutation relations,
[aˆθ,p, aˆθ,q] = 0, [aˆθ,p, aˆ
†
θ,q] = δpq. (27)
In terms of the field operators, these relations give the desired results,
[φˆ(x), φˆ(x′)] = 0, [φˆ(x), φˆ†(x′)] = δ(x − x′), (28)
[ψˆ(x), ψˆ(x′)] = 0, [ψˆ(x), ψˆ†(x′)] = δ(x− x′). (29)
We have just completed mathematical set up suitable for the Bose-Einstein condensed sys-
tem. In the next section, we shall lead the failure of this framework and deny the onset of
the BEC.
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4. Proof of Pitaevskii-Stringari’s Theorem
We shall use two lemmas in this section to prove the Pitaevskii-Stringari’s Theorem in
satisfactory way. The proofs of these lemmas will be given in the Appendix A and B.
The first one is an inequality which plays a major role in this section.
Lemma 1. An inequality
〈{Aˆ†, Aˆ}〉〈{Bˆ†, Bˆ}〉 ≥ |〈[Aˆ†, Bˆ]〉|2 (30)
holds for arbitrary operators Aˆ and Bˆ.
The meaning of the average value 〈Aˆ〉 of an operator Aˆ is defined as follows. In this paper,
we define the meaning of the average symbol denoted by 〈Aˆ〉 as a quantum-thermal average
of Aˆ at absolute zero temperature,
〈Aˆ〉 ≡ lim
β→∞
1
Z
Tr{e−βHˆAˆ} = lim
β→∞
1
Z
∑
i
e−βEi〈i|Aˆ|i〉, (31)
where β is the inverse temperature and Z = Tr{e−βHˆ} is the partition function. It is clear
that taking the limit simplifies the expression since only the ground state |Ω〉 would survive
with probability unity at absolute zero. The probability of finding the system at any other
excited states would be completely neglected under absolute zero condition. Thus, 〈Aˆ〉 is
reduced to give
〈Aˆ〉 ≡ 〈Ω|Aˆ|Ω〉. (32)
We should note that |Ω〉 satisfies the eigenvalue equation Hˆ|Ω〉 = E0|Ω〉, with E0 the ground
state energy of the system. Moreover, keep it mind that |Ω〉 is constructed on our vacuum
of the coherent state |0(θ)〉.
The second one is also an inequality that gives the upper bound for the value of the static
structure factor.
Lemma 2. The static structure factor S(p) ≡ 2〈ρˆpρˆ†p〉 is upper bounded as
S(p) ≤ N
Mc
p, (33)
in the long wave length limit p→ 0, where c ≡
√
2gN2c /ML
2
c is the sound velocity.
We shall take aˆθ,p as Aˆ in (30) and ρˆp as Bˆ, where ρˆp is defined as the Fourier transform
of the number-density operator nˆ(x) ≡ ψˆ†(x)ψˆ(x). In our notation, the oprator ρˆp satisfies
ρˆp ≡
∫
nˆ(x)e−ipxdx = Ncδp0 +
√
Nc(aˆθ,p + aˆ
†
θ,−p) +
∑
q
aˆ†θ,qaˆθ,q+p = ρˆ
†
−p. (34)
By a simple algebra, we can get 〈{Aˆ†, Aˆ}〉 = 2np + 1, 〈{Bˆ†, Bˆ}〉 = 2〈ρˆpρˆ†p〉 = S(p) and
[Aˆ†, Bˆ] = −(δp0
√
Nc + aˆ
†
θ,0), where np is a particle number density in terms of p. Applying
7/11
the eq.(30), we have the following inequality:
np ≥ |〈δp0
√
Nc + aˆθ,0〉|2
2S(p)
− 1
2
. (35)
Since the ground state |Ω〉 is built on the vacuum |0(θ)〉 as explained in the Appendix C,
the term of 〈aˆ0〉 included in above formula must vanish. By using the eq.(33), we get
np ≥ Mc
2N
|〈δp0
√
Nc〉|2
p
− 1
2
(p→ 0). (36)
Here, we restore the translational symmetry by taking the limit Lc →∞. At the same time,
we also take the thermodynamic limit. By virtue of the translational invariance, it is natural
to put ρc = αρ, where α corresponds to the ratio of the condensate particles in all the
particles. Therefore, we get
Nc
N
=
Lcρc
Lcρ
= α. (37)
If we are to find the number density of the non condensate particles ρn with the momentum
lower than p0, we perform an integration
ρn ≡ lim
δ→+0
1
(2π)D
∫ p0
δ
npdp
D, (38)
where suffix D indicates the dimension of the system. In the case of D = 1, from (36), ρn is
lower bounded as
ρn ≥ lim
δ→+0
Mcα
2
δp0
2
2π
ln
p0
δ
. (39)
As we mentioned in §3, δp02 has its height unity and width 1/Lc around the origin. Therefore,
this factor tends to unity in the long wave length limit. On the other hand, the logarithmic
term undergoes the infrared divergence. Since the number density of the non condensate
particles ρn should be clearly a finite quantity, its divergence is a striking contradiction
to our initial assumption that the BEC phase transition can occur in flat one-dimensional
system. we conclude that there is no BEC phase transition based on the SSB of the global
U(1) gauge symmetry in flat one dimensional geometry even absolute zero temperature. In
cases D ≥ 2, the integration volume cancels out the inverse of p appearing in (36) and there
are no rooms for divergent number density.
5. Discussion and Summary
In this paper, we have presented an amended proof of the Pitaevskii-Stringari’s theorem in
mathematically coherent manner without resorting to the Bogoliubov approximation which
violates the canonical commutation relations. On the contrary, our approach is based on
the orthodox quantum field theory which rigorously maintains the canonical commutation
relations by introducing the coherent state of aˆ0 as the vacuum. We have also made a sound
argument by taking the thermodynamic limit. This is the significant point which was not
referred to in the original papers[6, 7]. As a result, we have concluded that there is no BEC
phase transition based on the SSB of the global U(1) gauge symmetry in flat one dimensional
geometry even absolute zero temperature.
Note that what our argument have denied nothing more than the BEC as the consequence
of the SSB of the global U(1) gauge symmetry. The essence of the BEC is a rather subtle
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issue and is still controversy. In fact, there are many other opinions that assert that the SSB
picture itself is not suitable for describing the BEC. Particularly, the SSB picture fails to
give an effective description for a probable BEC system consisting of attractively interacting
particles. What is more is that the coherent state (20) is the very superposition state of
infinitely many different particle number states. For massive particles, such a state can
violate the so-called super selection rule and must be prohibited.
On the other hand, Penrose and Onsager[12, 13] defined the BEC by the existence of the
residual value of the correlation function
lim
|x|→∞
〈ψˆ†(x)ψˆ(0)〉. (40)
To lead the conclusion stated above, direct evaluation of this correlation function can
be another prospective approach. The Hamiltonian (6) is known as the Lieb-Liniger
model[14, 15] in the field of exactly integrable systems. Although Haldane developed the low
energy effective theory of the Lieb-Liniger model and succeeded in evaluating the asymptotic
behavior of the correlation function[16, 17], direct calculation of the correlation function from
the Lieb-Liniger model itself is still an elusive problem.
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A. Proof of Lemma 1
This appendix is devoted to prove eq.(30). we used in the section three. Adding both sides
of the inequalities
〈(αAˆ + iBˆ)†(αAˆ+ iBˆ)〉 = |α|2〈Aˆ†Aˆ〉+ iα∗〈Aˆ†Bˆ〉 − iα〈Bˆ†Aˆ〉+ 〈Bˆ†Bˆ〉 ≥ 0, (A1)
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〈(αAˆ − iBˆ)(αAˆ − iBˆ)†〉 = |α|2〈AˆAˆ†〉 − iα∗〈BˆAˆ†〉+ iα〈AˆBˆ†〉+ 〈BˆBˆ†〉 ≥ 0, (A2)
we find
|α|2〈{Aˆ†, Aˆ}〉 − iα∗〈[Aˆ, Bˆ†]〉∗ + iα〈[Aˆ, Bˆ†]〉+ 〈{Bˆ, Bˆ†}〉 ≥ 0. (A3)
Completing the square of the left-hand side of eq.(A3), we have a following relation
〈{Aˆ†, Aˆ}〉
∣∣∣∣∣α− i〈[Aˆ, Bˆ
†]〉∗
〈{Aˆ†, Aˆ}〉
∣∣∣∣∣
2
+
〈{Aˆ†, Aˆ}〉〈{Bˆ†, Bˆ}〉 − |〈[Aˆ†, Bˆ]〉|2
〈{Aˆ†, Aˆ}〉 ≥ 0. (A4)
Since above inequality should hold arbitrary α, and the quantity 〈{Aˆ†, Aˆ}〉 is positive, the
lemma has been proved.
B. Proof of Lemma 2
We begin with rewriting the Hamiltonian (6) in terms of the creation and annihilation
operators. A short calculation leads to
Hˆ =
∑
p
ǫpaˆp
†aˆp +
g
2
∑
p
ρˆp
†ρˆp − δ(0)
2
∑
p
aˆp
†aˆp, (B1)
where ǫp means p
2/2M and ρˆp can be rewritten by the creation-annihilation operators on
vacuum |0(θ)〉 as
ρˆp ≡
∑
q
aˆ†qaˆq =
Nc
Lc
δp0 +
√
Nc
Lc
(
aˆθ,p + aˆ
†
θ,p
)
+
∑
q
aˆ†θ,qaˆθ,q+p. (B2)
Notice that the last divergent term in (B1) is only a constant and does not affect the physics.
After a straightforward but lengthy calculation, we get
[ρˆ†p, [Hˆ, ρˆp]] = 2ǫp
(
Nc +
√
Nc(aˆθ,0 + aˆ
†
θ,0) +
∑
p
aˆ†θ,paˆθ,p
)
. (B3)
By taking expectation of above quantity we immediately obtain the f-sum rule∫ ∞
0
~ωS(p, ω)dω = ǫp(Nc +Nn) = ǫpN, (B4)
where Nn is the number of the non condensate particles and
S(p, ω) ≡ 1
Z
∑
q,r
e−βEq
(
|〈q|ρˆp†|r〉|2 + |〈q|ρˆp|r〉|2
)
δ(~ω − ~ωqr) (B5)
is the dynamic structure factor, where ωqr ≡ (Ep − Eq)/~. From the Schwartz inequality, we
can get upper bound of the static structure factor as
S(p) =
∫ ∞
−∞
S(p, ω)dω ≤
√∫ ∞
−∞
~ωS(p, ω)dω
∫ ∞
−∞
1
~ω
S(p, ω)dω. (B6)
The compressibility sum rule[18, 19] tells us
lim
p→0
∫ ∞
−∞
1
~ω
S(p, ω)dω =
N
Mc2
. (B7)
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Combining eqs.(B4), (B6) and (B7), we finally get the expression (33) in Lemma 2,
S(p) ≤ N
Mc
p. (B8)
Instead of rigorously proving the Lemma 2, one can resort to the famous Feynman’s
formula[20, 21]
ǫ(p) =
p2
2MS(p)
. (B9)
It is well-known that the Bogoliubov theory gives the linear energy spectrum ǫ(p) = cp
corresponding to the phonon excitation in the long wave length region[22]. Nevertheless,
Feynman’s argument is rather plausible one. Especially we have to admit that ρˆk|0〉 becomes
the energy eigenstate of the Hamiltonian(6) without any convincing reasons. Feynman’s
formula is also derived in ref.[23] where the quantum hydrodynamical approach is utilized.
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